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COMPUTATION OF STRESSES IN BRIDGE SLABS DUE 
TO WHEEL LOADS' 


By H. M. Westergaard, Professor of Theoretical and Applied Mechanics, University of Illinois, Urbina, III. 


PART I. 


LABS IN HIGHWAY bridges must be designed to 

support wheel loads in addition to the distributed 

dead loads. The present investigation is limited 
to the problem of the stresses contributed by the wheel 
loads, it being assumed that the influences of the uni- 
form loads may be estimated with sufficient accuracy 
by available methods.’ E. F. Kelley * published in 
1926 a study of the influence of the concentrated loads, 
in the light of available results of tests, and he proposed 
formulas for computing the bending moments. The 
present investigation, which is purely analytical, applies 
directly to the case of homogeneous elastic slabs. They 
are subject to accurate analysis by mathematical theory 
of elasticity. Since the reinforced concrete bridge slab 
may be assumed to act in certain respects approxi- 











mately as a homogeneous elastic slab, the results found 
for the homogeneous elastic slab may be applied in 
forming a judgment as to the proper formulas for design. 
It is notable that the results of this analysis do not 
differ widely from those derived by E. F. Kelley from 
the tests, in the study referred to. 
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Figure 1.—SLAaB SupreortTinG WHEEL Loaps 


INVESTIGATION OUTLINED 

— igure 1 illustrates the problem. The purpose of the 
_ «halysis is in particular to determine the following effects: 
~ (1) The effect of the load P, alone when placed at 
(he center (v=0). 

~ (2) The combined effect at the point of application 
gq P, produced by the two loads P; and P, which are 
~ > -cparated by the definite distance a, the distance v being 
So chosen so as to produce the greatest possible effect. 


investigation made for division of tests, U. 8. Bureau of Public Roads. 


., ,. Sform loads on rectangular slabs, each supported on four sides, may be dealt 
7). for example, as described in a paper by the writer, entitled ‘‘ Formulas for the 
all { Rectangular Floor Slabs and the Supporting Girders,” Proce. American 


4 ne ret . Institute, vol. 22, 1926, p. 26. 
Sa Kelley, Effective Width of Concrete Bridge Slabs Supporting Concentrated 
M4 ads, Publie Roads, vol. 7, No. 1, March, 1926, p. 7. 
:s ind earlier discussions of the same subject. 
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INTRODUCTORY STATEMENT AND DEFINITIONS 


(3) The combined effect at the point of application 
of P, produced by the two loads P; and P;, the definite 
distance b apart, when ¢=0. 

(4) The combined effect at the point of application 
of P, produced by the four loads P,, P:, P;, and P,, 
which are at the corners of a rectangle with dimensions 
a and 6 in the directions of 1 and y, the distance ¢ being 
chosen so as to produce the greatest possible effect. 

The slab is supported on beams parallel to the direc- 
tion of y. Most of the computations are based on the 
assumption that the slab extends sufficiently far in the 
directions of + y and —y without support by beams in 
the direction of « to make the influence of edges or 
beams parallel to the axis of « negligible at the points 
where the critical stresses exist, thus making it possible 
for the purpose of analysis to consider the slab to extend 
infinitely far in the directions of +y and — y, without 
beams or edges in the direction of x. At the same time 
it will be shown, and illustrated by numerical examples, 
how the influence of beams in the direction of + may be 
taken into consideration. When not stated otherwise 
specifically, the slab will be treated as having simply 
supported nondeflecting edges along the center lines of 
the two beams shown in Figure 1. Some computations 
will be added, however, showing the changes brought 
about by replacing the simply supported edges by 
fixed edges. These computations will lead to informa- 
tion about the intermediate cases of partially restrained 
edges, especially the important case of a continuous 
slab with several spans in the direction of z. 

Each of the four forces P;, P2, P3, and P,, shown in 
Figure 1, is the resultant of a wheel pressure which is 
distributed over a small area. In dealing with the 
stresses directly under the load P,, it will be necessary 
to take into consideration the fact that this load is dis- 
tributed over an area, but the loads P., P3, and P, 
may be considered as concentrated forces. The load 
P, will be treated as distributed uniformly over a small 
circle with diameter c. Yet, in expressing effects at 
some distance from P,, this load, like the others, may 
be considered as concentrated at the point of application 
of the resultant of the pressure. 

Two theories of flexure of slabs are used, one of which 
may be called the ordinary theory, while the other is a 
special theory. The ordinary theory is based on an 
assumption which corresponds to the hypothesis of 

Bernouilli and Navier for beams, that the plane cross 
section of a beam remains plane and normal to the 
elastic curve of the beam. The assumption for slabs 
is that a vertical line drawn through the slab before the 
bending remains straight and normal to the deflected 
middle surface after the bending. This assumption 
applies with satisfactory accuracy to slabs of such pro- 
portions as are used commonly in bridges, except for the 
purpose of expressing the stresses produced by a con- 
centrated load in its immediate vicinity. The diffi- 
culty is overcome by use of the special theory in the 
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following manner.’ The load is introduced as dis- 
tributed uniformly over the area of a circle with an 
“equivalent diameter” c’ instead of the true diameter c. 
By use of the special theory, in particular a solution 
given by A. N Adai,‘ c’ is determined so that the ordinary 
theory, with c’ introduced as the diameter of the circle, 
leads to the same maximum stress at the bottom of the 
slab directly under the center of the circle, as does the 
special theory with the true diameter ¢ introduced. 
The advantage of this procedure is that after introduc- 
ing c’ all the computations may be made according to 
the ordinary theory, which, naturally, is much simpler 
than the special theory. Some of the bending mo- 
ments computed are to be interpreted, accordingly, as 
equivalent bending moments. They have the signifi- 
cance that the tensile stresses at the bottom of the 
slab are computed, in the manner applicable in con- 
nection with the ordinary theory, by dividing the 
bending moment per unit of width of the cross section 
by the section modulus per unit of width; that is, by 
; -, where h is the thickness of the slab. 

The study presented here draws extensively on the 
work of A. Nadai, published first in papers and later 
in his book on elastic slabs. In a recent investigation 
of slabs loaded by concentrated forces M. Bergstriisser ° 
obtained a satisfactory experimental verification of 
NAdai’s theory. 

The results are presented in formulas, tables, and 
diagrams. 

NOTATION 
z, y=horizontal rectangular coordinates. The origin 
of coordinates is at the center of the span as 
shown in Figure 1, unless specifically stated 
otherwise. (The y-axis is moved to the left edge 
in some particular cases. ) 
_r, 6=horizontal polar coordinates. 
2=deflection of slab at point z, y. 


Part II—DERIVATION OF FUNDAMENTAL FORMULAS 


FUNDAMENTAL EQUATIONS OF ORDINARY THEORY OF FLEXURE 
DERIVED 


It appears expedient to introduce the analysis by 
showing briefly the derivations of the general funda- 
mental equations of the ordinary theory of flexure of 
slabs.’ 

Figure 2 shows three fundamental types of deforma- 
tion of an element of the slab. They are produced 
by the bending moments and twisting moments 
acting on the element. One may visualize the deforma- 
tion of the element in the general case by imagining 
the three types existing in the same element at the 
same time, superimposed one on another. 

Figure 3 shows the total forces and couples acting 
on a small block of the slab extending through the 
thickness of the slab. In passing from the face with 


§ Described in a previous paper by the writer, Stresses in Concrete Pavements 
Computed by Theoretical Analysis, Public Roads, vol. 7, No. 2, April, 1926, p. 25, 
especially pp. 27, 31, and 32. 

_4 A, Nadai, Die Biegungsbeanspruchung von Platten durch Einzelkriifte, Schweize 
— Bauzeitung, vol. 76, 1920, p. 257; and his book, Die elastischen Platten, 1925 


p. 308. 

5 A. Nadai, Die elastischen Platten, Berlin (Julius Springer), 1925. 

6 M. Bergstriisser, Versuche mit freiaufliegenden rechteckigen Platten unter Einzel- 
ene, Forschungsarbeiten auf dem Gebiete des Ingenieurwesens, No. 302, 


by 7 These derivations may be found at a number of places in the technical literature. 
See, for example, A. NAdai, Die elastischen Platten, 1925, p. 20; or the paper by W. A. 
Slater and the writer, Moments and Stresses in Slabs, Proceedings, American Con. 
crete Institute, vol. 17, 1921, 


p. 415 (or, National Research Council, i 
Circular Series, No. 32). is 
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a, 6, u, v=horizontal distances as shown in Figure 1. 

h=thickness of the slab. 

‘= diameter of circle over the area of which the load P, 
is distributed uniformly. 

equivalent diameter of the circle over the area of 
which the load P; is to be considered uniformly 
distributed in order to make the ordinary theory 
of flexure of the slab lead to the same maximum 
tensile stress at the bottom of the slab as does 
the special theory when the diameter is c. 

= modulus of elasticity of the material of the slab. 

u= Poisson’s ratio of the material of the slab. In the 

numerical computations the value assumed is 
pw=0.15. 
‘ Eh’ ie 
N= >», =measure of stiffness of the slab. 
12 (1—p*) 

P, P,, Ps, Ps, and P,= wheel loads. 

w= distributed load per unit of area. 

p=load per unit of length distributed over a line. 


= 





V’, = vertical shear per unit of width of cross section in a 
section parallel to the y-axis, positive when acting 
upward on the part having the larger values of z. 

\’,= vertical shear per unit of width of cross section in 
a section parallel to the z-axis, positive when 
acting upward on the part having the larger 
values of y. 

M,, M,=bending moment in the direction of x or y, 
respectively, per unit of width of cross section, 
acting upon a section parallel to the y-axis or 
z-axis, respectively, positive when it produces 
compression at the top and tension at the bottom. 

M,, =twisting moment in the directions of x and y os 
unit of width of cross section in sections parallel 
to the axes of + and y, positive when tending to 
produce compression at the top in the direction ; 
of the line r=y. } 

M’,,=value of .M,, in particular cases. ; 

R,=reaction per unit of length at left edge. 4 

} 
4 
coordinate xs to that with coordinate «+dz, the : 
bending moment per unit of width, A/,, increases ; 

at the rate of OM, by the amount oM, dr. The values 7 

a Ox 4 
per unit of width, therefore, may be stated as follows: : 
a 

M, at the face with the coordinate r; and M,-+ ow di 2 

at the face with the coordinate z+dr. The total! 


moments on the width dy, consequently, may be 
stated as shown in Figure 3: M,dy at the face wit! 


4 


coordinate zx; and (M,4 ar ey at the face wit! 


coordinate z+dr. Similar explanations apply to the 
bending moment M,, the twisting moments M.,, 
and M,,, and the shears V, and V,. 





Figure 2.— DEFORMATIONS OF ELEMENT OFSLAB, (a) BENDING | 
DIRECTION OF 2, (b) BENDING IN DIRECTION OF y, (c) Twis’- 
ING IN DIRECTIONS OF X AND Y 
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Figure 3.—ForcrEs anp CoupLes ACTING ON ELEMENT OF SLAB 
One may write three independent equations of at the top and the bottom and the value zero at the 


equilibrium of the forces and couples. By equating 
to zero the sum of the vertical forces, and dividing by 
dr dy, one finds 

OV, 


Or 


OV, 


c +w=Q0 
ay u 


(1) 


By equating to zero the sum of the moments with 
respect to an axis through the center of the block, 
parallel to the y-axis, by discarding the term which 


eae ; . a\ 
is infinitesimal of the third order, dx dy. ‘dr, and 
C 
igain dividing by dr dy one finds the equation: 


8M, , aM,:_ 1, 


‘ 2) 
Or Oy 


r - 


The third equation of equilibrium is similar to equa- 
‘(lon 2, and is obtained by exchanging the symbols r 
nd y in equation 2: 
OM, 
Oy 


OM,, " 
Or : (3) 
The twisting moments are moments of horizontal 
ieuring stresses in the vertical sections. By applying 
«law of equality of shearing stresses in perpendicular 
ections, one finds 
M,,=M,:- (4) 
‘Oy substituting the expressions for V, and V,, as 
en in equations 2 and 3, in equation 1, one finds the 
‘ditional equation of equilibrium, 


eM, ,#M,,, &M, 


oe '“Ordy' OY" - 


(5) 

When each straight line drawn vertically through the 
‘omoveneous slab before bending remains straight after 
the bending, the horizontal normal stresses and shearing 
Stresses im the vertical sections will be distributed 
(hrouch the thickness of the slab according to straight- 
ine diagrams, with extreme, equal and opposite values 





middle. The middle surface of the slab, therefore, is a 
neutral surface. At the bottom, the tensile stresses o, 
in the direction of x, and oc, in the direction of y, and 
the shearing stress r,, in the directions of x and y are 
determined as in the case of beams, by dividing the 


P . ° a ° 
moments by the section modulus, which 1s per unit 
) 
of width of the section; that is, 


6 M, 6 M, 6 M., 
hz ’°% h? i 


The next step is to express the relations between the 
moments and the deformations. The deformations in 
Figure 2, (a) and (b), are measured by the curvatures, 


-\) 
-~ 


2. . : ; O*2. ‘ ; 
42 in the direction of x, and — ay? in the direction of 
Ga 3 


y, respectively. The deformation in Figure 2 (c) is 
Oz 
Ordy 
M, alone, without the action of M, and M,,, produces a 


\9 
“sy 


2. , , a 
a2? in the direction of x, which is expressed 


| 


ITry= 


measured by the twist, The bending moment 


curvature, — 


as in the case of a beam with rectangular cross section 
of depth h and width equal to one unit, that is, 
z 12M, 


— = ‘ va) Pe | 7 ° 
a ER On account of Poisson’s ratio, yu, of 
lateral contraction to longitudinal extension, this 


curvature will be accompanied by a curvature in the 
direction of y, equal to —4y times the curvature in the 
direction of x. The bending moment M, produces no 


twist of the type By expressing in a similar 


02 

Ox dy 
manner the effects of the bending moment M,, one finds 
the combined effect of the two bending moments, 


2 ») 
55 Js (M:—uM,). __(7) 
Oz 12 
5° En (Me uM.) - (8) 
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The effects of the twisting moments \/,, may be 
found by introducing a new system of horizontal ree- 
tangular coordinates, 2, y;, with the angle (r7,) =45°, 


1 : : 
so that 2,= s(+y), W=—=(-—art+y). When f is any 


\ ~ 
function, one finds 


Of Of Ox, | 
Ox Ox, Ox 


Of Oy, _ | of a) 
dy, Ox V2\ dr, Oy, 


This result may be written as a statement concerning 


0 1 0 0° 
Namely = =( ): 


th ‘ator F 
1e Operator >: Or, OY, 


: ' 0 l 0 0 

One finds in the same manner, . = =( ), 
OY y2 Or, OY, 

and accordingly, by combining the differential operations: 


Oz ( 0 0 )( Oz Oz ) : 1 2 C2 ) 
Ordy 2\0r, Oy,/\ Or, Oy,/ 2\ dr? dy? 
The state of moments, .,=0, ./,=0, M,,+0, is equiv- 
alent to rs following state of moments in the directions 
of z, and y,: M.,=M.,, M,,=—M2zy, May,=9. By 


using bi values in equations 7 and 8, with + and » 
replaced by z; and y;, and then substituting in the 


02 
expression for .~ » one finds 
Ox OY 
Oz 120 ) 
te 9 
Ox OY Eh’ 
By this method one finds, furthermore, for the same 
state of moments, 


ez 1/90 0\7 1/ @z Oz Oz 
(2 2Y,1(%2 2 #2 , #2), 
Ox? 2\ dr, Oy 2\ dr, Or,0y, Oy? 


"9 


, « Cz cm : od a 
and likewise _ 0. That is, the twisting moment /,, 


; Oz 
does not contribute to the curvatures, — a,2 and 


9 


©» 


m% 


Q 


Y 


The three equations, 7, 8, and 9, express therefore the 
combined effect of the state of bending moments, 7, 
and M,, and twisting moments, /,,. 

It is expedient to introduce the following quantity, 
which is a measure of the stiffness of the slab: 

‘ Eh’ 
N= =z ; (10) 
12ti = 9°) 

Using this quantity, one finds, by solving equations 7, 
8, and 9 for the moments, 


a oe. =) 
M, N(-32-" ay (11) 
0°z , oe 
; m= “ 
1,=N (- Oy? Or ) (12) 
. Oz 
M,y* a N(l— ») aay (13) 


By substituting these expressions in equation 5, one 
obtains the equation of flexure of the slab, stated by 
Lagrange in 1811, and frequently named after him, 


Oc, Gz C2 w 14) 
Ox | ~ Ox’ dy? © Oy! ~N Us 
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By introducing the differential operator, known as 


Laplace’s operator for two variables, 


cs . ¢ 15) 
a at as (15 
Or =O" 

Lagrange’s equation is restated in the simple form, 
Nz =w (16) 
The vertical shears are expressed in terms of the 
deflections by substituting the expressions in equations 

11, 12, and 13, in equations 2 and 3. One finds 


OEE Ee (17) 
Ov OY 


ax ax 








as 








=e 


2M OM, 
Med dx) dx ‘Myy +a 8 ax 


i “Magy 


(2) (0) 

Figure 4.——Twistinc MOMENTS AND SHEARS AT EpGr 
Figure 4 shows an edge of the slab. The twisting 
couples in Figure 4 (a) are resultants of horizontal 
shearing forces. These couples are equivalent to the 
pairs of vertical forces shown in Figure 4 (b). The two 
vertical forces at the boundary between the two blocks 


OM ; 
leave a surplus upward force equal to a, Ut: that is, 
OM,, itis , ; 

ar ‘per unit of length. This consideration of vertical 


shears and twisting moments at the edge leads to the 
theorem given by Kelvin and Tait * in 1867: The com- 
bination of vertical shears and twisting moments st 
the edge is equivalent to a combination of vertices! 
forces only, in terms of which the reactions are stated: 
namely, first, a distributed upward reaction, 


aM,, 


or 


R,=V,- (1S 
secondly, an upward concentrated force at the left end 
of the edge equal to the value of M,, at that point: 
and thirdly, a downward concentrated force at the 
right end of the edge equal to the value of /,, at that 
point. At an edge parallel to the y-axis, with the slab 
on the side of the larger values of x one obtains by te 
same method a distributed upward reaction, 


8M, 


R,=V, Sy 


(14) 


At a rectangular corner formed by the two edges mcn- 7 


tioned, each edge furnishes an upward force equal tog 


§ Thomson (Lord Kelvin) and Tait, Natural Celeste. 1867. 
in the later editions. 


See arts. 64° 64 
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the value of /,, at the corner, giving a total concen- 
trated force equal to 2./,,. 

The problem of the ordinary theory of flexure of the 
slab is to find a solution of Lagrange’s equation 16, sat- 
isfying the special conditions existing at the boundary 
of the area investigated. The boundary conditions are 
expressed by use of equations 11, 12, 13, 17, 18, and 19. 


USE OF INFINITE SERIES EXPLAINED 


Consider a simple beam with span s, carrying some 
concentrated loads and in addition a distributed load, 
the latter expressed by the function p= p(.), the dis- 
tance x being measured from the left end. The vertical 
shear in this beam is a function V= V(r), which changes 
suddenly at the points of application of the concentrated 
loads, and which at all other points is governed by the 
relation, 

ev 20) 
Pe” de ” 

Any function V which is obtainable in this manner 
may be expressed by a Fourier series, which converges 
toward V except at the points of application of the 


concentrated loads and at the ends of the beam, of the 
form 
n 
, “urd 
\ ; ) ¢, COS (2 ] 
N 
where ¢,, Gy, .... €a; are constants. Assuming 
that a set of constants exists bringing about the 


convergence,” 


one may determine the constants by the 
criterion, 


8 5 mar 
| (V—V;,) cos dz=0, m=1, 2 (22) 
J0 s 
lsing the relations, 
; (? when n4#~m 
: marr nw P 
| COs COS da \ 23) 
Jo . s |5 when n= m 


ne finds, by substituting V, from equation 21 in equa- 
lion 22: 


» 


x 
| \ COS 
S Jo 


vhereby all the constants ¢,, 2, 

= ‘d when the function V is known. 
Isy differentiating equation 21 and reversing signs, 

ne obtains a new Fourier series, 


NACy, . naw oe 
sin (22) 
s P 


ich in a special case converges toward p in equation 
-) at all points where p does not change suddenly; 
is special case is that in which all the concentrated 
ads are zero. If the concentrated loads are not zero, 
« Fourier series in equation 25 becomes divergent. 
integration of the series, with reversal of signs, 


mars 


dr (24 


may be deter- 


dV, 


Ma dr 


ey, 


for ‘roof of the existence of the set of constants bringing about the convergence, 
example, E. T. Whittaker and G. N. Watson, Modern Analysis, second 
Cambridge), 1915, p. 161. 
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reproduces V, in equation 21, and further successive 
integrations lead to expressions for the bending mo- 
ments, slopes, ~~ deflections in terms of convergent 
Fourier series. ) far as these effects are concerned, 


RAC. .< nas 


e » ° ° i] 
the aggregation of individual loads sin eX- 
NS 


pressed by the divergent series in equation 25, is equiv- 
alent to the complete load on the beam. That is, the 
series in equation 25, in spite of being divergent, rep- 
resents the complete load on the beam, consisting of the 
distributed load p(x), and the cone e ‘ntrated forces." 
The series in equations 21 and 25 apply outside the 
interval 0<r<s when the scant Vis periodic with 
period 2s, and symmetrical with respect to the points 


r=0 and r=s, that is, when V(rz)=V(— 2), and 
Vist+ar)=V(s—yr). The function p, has the same 
period, and is antisymmetrical with respect to the 
points s=0 and g=s, that is, p(x) pPi(—2), 


pi(s+ 2) ~p\(s—ar). The functions apply then to a 
continuous beam with simple supports at the points 
I QO, - 28 
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FiGURE 5.—VERTICAL SHEARS IN BEAM 


5 one mee 
and writing V for J 


In the case shown in Figure 


using equa- 
tions 24, 21, and 25, 


;, and p for p,: 


ae 1 . now Nrx 
\ Sin Cos 
T Vi N N 


(26) 


(27) 


The latter expression will be used in representing a 
concentrated load on the slab. 


SOLUTION ro SLAB LOADED BY CONCENTRATED FORCE, 
EXPRESSED BY INFINITE SERIES 


The y-axis is placed temporarily at the left edge of the 


slab. The edges, at r=0 and x=s, are simply sup- 
ported. The slab extends infinitely far in the directions 
of +y and —y, and is loaded by a single force P at the 


point s=u, y=0. This load will be represented as a 
load p on the z-axis defined by equation 27 

The function z, representing the deflections in the 
part of the slab in which » is positive, is defined by the 
requirement that it must satisfy Lagrange’s equation, 


10 The use of divergent Fourier series in representing concentrated loads was intro- 
duced by A. Mesnager, Comptes Rendus, vol. 164, 1917, p. 600, and has been used 
extensively by A. Nadai; see his book, Die elastischen Platten. 1925, p. 82. 
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A’z=0 (equation 16 with w=0), at all points within the 
area, and in addition the following boundary conditions: 
At the edges r=0 and r=s and at y= &: 


z=Az=0 _(28) 
At y=0: 
n 
Oz , 1 P _ OU . nar ,, 
es? and V,=- ePe =] sin —— sin —~ -- (29) 
1, 2,-- 


One may determine the function z by a partly deduc, 
tive process. For the present purpose, it is sufficient 
however, to state the solution, and then verify it. The 
following solution " satisfies all the requirements: 


—_ (30) 


n 

Ps? 1 nry\ -"Y . neu. nae 

SLINT 3( 1+ _ * 2 -—ae 

2x°N n 8 8 
$<. 


s 


0 for x 
One finds, furthermore, 


n 
Oz P 2 WF . neu ._ NaT (31) 
= > — T0 * sin sin ' 
Oy 2aN nv s s 
1, 2,-- 


which becomes zero when y=0. 


It is seen immediately that z 
and for y= ©. 


0 and r=s, 


n 
Oz P 1 ( 1 n Ty ) uy Sa Naru in nar (32) 
-=- © BS, Ciena s S 
Oy? 2aN n 8 ° : 
1, 2,-- 
n 
O22 P 1 ney _nry 7 n7u i nar (33) 
= — " — a e * sin SI : oe 
Ox? 2QarN n 8 : 
KE 
Oz Cz 


Ac= ot Oye 


n 
P ea ee | ee ae 
ra ,.—e¢ * oT sin (34) 
aN m s s 
1,2,-- 
which becomes zero when r= 0, r=s, or y= ©. 
3 n 
? , OAz ¥ 7 . Bee. REE we 
V,=—-N — =- e€ * sin — sin (35) 
Oy s s 8 
1, 2,°° 
which assumes the required form when y= 0. 
0’ Az Az 


one finds, Or? aie Oy? » that is, A*z= 0. 


Finally, 


Nadai ” observed (as may be verified without diffi- 
culty) that by introducing the function, 





n 
‘ ' a =. . wee ,. ase 
¢g=NAz= -—— —e =: sin sin (36) 
T n S s ‘ 
1, 2>- 

- ‘ ; pe Oz 
one may restate equations 32 and 33 and express Sete 
in the following simpie form: , 

Cz Oe 
2N x5=¢-1 : 37 


"A, Nadai, Die elastischen Platten, 1925, p. 85. 
2 A, N&dai, Die elastischen Platten, 1925, p. 86. 
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_ Oz 0g 

QN =. =et+y = (38) 
ay * 4 dy 

9 Orz Og (39) 


~"" Ordy ~Y Or 


Then one finds by equations 11, 12, and 13: 


. l+yp l—p O¢ 
M, y ets Y ay (40) 
1+ yp ls Og 
M, 7 > Y By (41) 
l dy 
M, cat (42) 
. 2 * OF 


NADAI’S SOLUTION IN FINITE FORM PROVED 


Nadai," by a deductive process involving functions 
of a complex variable, derived an expression in finite 
form for the function ¢ in equations 36 to 42. Again, 
it will be sufficient here to state the expression and 
verify it. 

The origin of coordinates is placed now at the center 
of the span, as in Figure 1. The edges have the equa- 


, 8 : . : 
tions c= +5» and the point of application of the load P 


. s 
has the coordinates v 5 t+U,y 


sion found by NAdai, then, is stated as follows: 


0. The expres- 


; P B 
g=NaAz = log, (48 
where 
.1— cosh = + cos * ol ot (44 
B cosh ™ cos = = e) (45 


The function ¢ in equation 43 is the same as the 
function ¢ in equation 36 (restated in terms of the new 
coordinates) if it satisfies the following requirements: 

First, Ag=0 at all points except at the point ot 
application of P. 


‘ s 
Secondly, g=0 at r= 4 5 and for y= @. 


Third, the total vertical shear at the circumferenc 
of a small circle drawn around the load shall be — P. 

To show that the first requirement is satisfied, th: 
—- of ¢ in equation 43 are expressed. One 
finds 


» e(ZTo) . #\r—P) 
de P sin 2 <—— . 
Or 4s B A ing 
de P . ay 1 1 a 
ly "de sinh ~ ( BA ) (47 


Ty 


. » Th ‘ @ 
Then, by use of the relation, cosh? y sinh? —* =1, one 
8 s 


finds 


13. A. Nadai, Die elastischen Platten, 1925, p. 89. 
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Oy r(r+v) Ty 
cos cosh : 1 


Ox? rP 8 : 
Oy} 4s? Be 
dy” 
rlse—o} Tr) 
cos cosh y 1 
N N 
A’ ‘ 
, yo Oy 
that is, Ap=>5 + 5-5 =0. 
Or OY” 


The second requirement is satisfied because A=B 
8 B 
when z= +5» and because 4 converges toward | when y 


increases indefinitely. 
That the third requirement is satisfied, may be shown 
as follows: When a@ and £8 are small values, one may 


, a 8 ‘ 
write, cosa=1— 5» cosh B=1+5- Consequently, in 
the immediate neighborhood of the point z= —vr, y=0, 
where x +v and y are small, equation 45 may be replaced 


by the simpler expression, 
e 4s ee 
B=5a(y't (¢t+v)')=92 (48) 
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where r is the distance between the points — v, 0 and g, y. 
Since log, B is numerically large and varies rapidly in 
this neighborhood while log, A varies relatively slowly, 


one may use for A the value at the point r= —?r, y=0, 
that is, 
2nv , WU 
A=1+cos —— =2 cos? : (49) 


Then equation 43 assumes the following form, applica- 
ble when the distance r from the point of application of 
the load is small: 
P rr ‘“ 
~=5 log, : (50) 
a Tl 
2s cos 


Equations 17, for the vertical shears, may be written: 
| : 


V,=- ~ i oe. Correspondingly, the vertical 
Or Oy . 
shear in a section perpendicular to the radius vector r 
may be written: V, se. Then equation 50 gives 
: 7 
V,= a that is, the total shear at the circumference 


of the small circle with radius r is —P. Thus all the 
requirements are satisfied. 


Part III—DERIVATION OF FORMULAS WHICH HAVE DIRECT APPLICATION TO THE PROBLEM OF 


BRIDGE 


DETERMINATION OF MOMENTS AT ONE POINT DUE TO A CONCEN- 
TRATED LOAD AT ANOTHER POINT 


Using equations 40 to 47, one may express the bend- 
ing moments MM, and M, and the twisting moment /,, 
produced at the point x, y by the load P at the point 

r, 0. One finds 


VE.) U+p)P A (l1—-p)Py ., m/l 1 

OL. m2 - -~{(-= 5 

Vf, se Oke B ge Sih * (> )-O 
. w(x—v) . x(x+v) 
>. { sin —— sin 

(l—p) Py 8 7 

M.. : : + «tee? 
. SS A B 


where 


Ty a\x— dv) hg) w(xr+ Vv) 
‘A =cosh —* + cos ————, B=cosh Y _ cos ——__—. 
Ss 8 8 8 


One may use these formulas to obtain expressions for 
‘he moments produced at the point —v,0 (the point of 
‘pplication of P; in Figure 1) by a load P at the point 

y. It is necessary for this purpose to let the points 

’, 0 and z, y exchange significances. That is, one re- 
places 2, y, and v by —v, —y, and —z, respectively. 
'y this exchange the expressions for A and B remain 
‘he same. Denoting the new moments by M’,, M’,, 
and M’,,, one finds 


M’,=M,, M’,=M, _(53) 
sin sin * wld. 
M’,,= wea, es (54) 
: Ss A B 


That is, a law of reciprocity applies to the bending 
moments: The bending moments in the directions of z 





FLOORS 


and y produced at point 1 by a load P at point 2 are 
the same as those produced at point 2 by a load P at 
point 1. It becomes unnecessary, therefore, to distin- 
guish between M, and M’,, or between M, and M’,. 
The twisting moments, on the other hand, do not follow 
this law of reciprocity; !’,, differs from M,,. 

With w= 0.15, equations 51, 52, and 54 may be written 
as follows: ' 


M,) wikia aie A 
M.\" 0.10536 P logy BX 
~Py .,my/l 5) 
2 —— © : — er 
0.10625 : sinh = (3 A)--- ery 
ie n(z+) om a(2—v) 
M.,| =. i 8 ‘ 8 = 
= ) 4: : : 
M’,, 0.10625 , B + 4 _(56) 


EFFECTS OF LOAD DISTRIBUTED UNIFORMLY OVER THE AREA OF 
A SMALL CIRCLE 

Consider now a load P which is distributed uniformly 
over the area of a small circle with center at the point 
—v, 0 and with the diameter c, as P; in Figure 1. In 
order to obtain the correct maximum tensile stress at 
the bottom of the slab by use of the ordinary theory 
of flexure, the moments will be determined (as proposed 
in the introduction) as if the load were distributed 
uniformly over the area of a circle with diameter c;, 
instead of ¢."® 

By using polar coordinates 7, 6, with the pole at the 
center of the circle, and with the angle @ measured from 
the z-axis, the load on an element of the area of the 





14 Numerical computations based on these equations are made conveniently by 
use of the tables published by K. Hayashi, Sieben- und mehrstellige Tafeln der 
Kreis- und Hyperbelfunktionen und deren Produkte sowie der Gammafunktion, 
(Berlin), 1926. 

18 See footnote 3 on p. 2 and the explanation following this reference. 
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: 4P ; 
circle will be expressed as a rdrdé. On account of the 
1 


reciprocal relation of bending moments (equations 53), 
the bending moments produced at the center of the 
circle may be computed by means of equation 51. 
Since the distances are small, the values of A and B 
may be taken from equations 49 and 48, respectively. 


] ; . 
The term qt the end of equation 51 may be ignored 


as insignificant in comparison with BR Moreover, 
> 


- Tr 
sinh y 
S 


Th, 
may be replaced by 4 
S 


Then equation 51 
leads to the following values of the resultant moments 
at the center of the circle: 
ri 
2s ¢0s 


M,\ - * x (: 4P eT l + 8 (1 u)sin?@. 
M,) +a Jia 0 rey? ir 4 log. wr 4r ): 


el 


Since | 2 rdr log, r 
J 0 


é y \ he | s 


0.5 
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The equivalent diameter c,; is expressed with satis- 
factory approximation by the following formula," 
applicable when ¢<3.45h: 


¢, = 2(v0.4c? + h? — 0.675 h) (58) 


GREATEST BENDING MOMENTS COMPUTED FOR CASE OF WHEEL 
LOAD AT CENTER 
When the load is at the center, that is, >—0, the 
moments WM, and \/, in equation 57 assume the fol- 
lowing values, which are denoted by J, and MM,,, 
respectively: 


P 4s ” 
M,. = (| Mh) log, xe, + l ) (2%) 
My, =M,, Uw (60) 
4nr 


or, with gw 0.15, and ¢, substituted from equation 58: 


Mo, =0.21072 PL lexio) logtio( \ 04, + 0.675 ) 


O.1S15] 3 : (61 
M,, = M,,— 0.0676 P (62) 


Equation § in the paper by the writer, Stresses in Concrete Pavements Computed 
by Theoretical Analysis, Publie Roads, vol. 7, No. 2, April, 1926 
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Figure 6.—CoeEFFICIENTS OF BENDING Moments, M), ANb 
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CENTER OF SLAB BY A CENTRAL Loap P Distrisutep UNIFORMLY OVER THE 


ce. Resvutts REPRESENTING Equations 61, 62, 104, AND 105. 


w=0.15 


\ AREA OF A SMALL CircLE WitH DIAMETER 
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TABLE 1.—Values of the coefficient Mos of the maximum bending 
moment per unit of width, produced at the center of the slab in 
the direction of the span by a central load P distributed uniformly 
over the area of a small circle with diameter c. The edges are 
assumed to be simply supported. The values were computed 
from equation 61 for different relative values of the span, s, the 
thickness, h, and the diameter c. Figure 6 shows the results 





graphically. Poisson’s ratio, w=0.15 
c=0 c=0.058 c=0.108 c=0.158 c=0.208 c=0.258 
s= 6h 0. 3051 0. 3003 0. 2874 0. 2701 
s= Sh . 3315 . 3230 . 3026 2784 
s=10h . 3519 . 3390 . 3110 2811 
s=12h . 3685 . 3508 . 3154 2815 
s=14h . 3827 . 3595 . 3178 2809 
s=16h . 3949 . 3660 . 3186 2798 
s=18h . 4056 . 3709 . 3186 2786 
s=20h . 4153 . 3744 . 3184 2771 


Table 1 and Figure 6 show values of the coefficient 


M ° > rt eae. 
P computed from equation 61. The coefficients 
stated are pure numbers. If, for example, one reads 


M,: 


in Figure 6, Pp 0.3, the significance is: 44,,=0.3 P, 
or, with P — 10,000 pounds, Af), = 0.3 x 10,000 pounds 


in. lbs 


; ft. lbs. 
3,000 j 
in 


3,000 pounds ft (the unit 


3,000 


of bending moment per unit of width being inch- 
pounds per inch or foot-pounds per foot or simply 
pounds). If units of the metric system were used, the 
coefficients in Figure 6 would remain unchanged. 
These comments apply also to the coefficients stated 
in the diagrams and tables which are given later. 


" M, My, - 
Since the difference between Pp and P- is constant, 
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the curves in Figure 6 also represent values of ~5” 


on a separate scale. 
serves this purpose. 
The moment 4), could be produced as the maximum 
moment per unit of width in a simple beam with span 
s and width b,, the load P being applied at the center 
of the span, and distributed over the width of the 
beam. Ignoring the effects of Poisson’s ratio, one may 
assume the bending moment to be distributed uni- 
formly over the width. The width b, bringing about 
this equivalence of a slab and a beam is called the 
effective width.’ It is defined by the equation, 


The third seale from the right 


eu ; 
Moz 4 4 8-- _ - (63) 
or, 
Ps r 
b, 4M. = a tas (64) 


Values of 6,, computed from this equation, with 
M,, defined by equation 61, are shown in Table 2 and 
Figure 7. Knowing 6, one may compute the bending 
moments by equation 63. 

The diagram at the right of Figure 7 shows a set of 
straight horizontal lines which may be allowed to take 
the place of the curves in a crude, approximate com- 
putation. To be on the side of safety the straight lines 
should be drawn so as to represent the low values 
rather than the average values defined by the curves. 
The straight lines are drawn according to the formula, 


b _ . (65) 


7 KE. F. Kelley, Effective Width of Concrete Bridge Slabs Supporting Concentrated 


Saf. i ar 
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RATIO, 5 OF SPAN TO THICKNESS 


icure 7.—Errective Wiptn b, For Centra Loap, DistrrsuTep Unirormiy Over THE AREA OF a SMALL Crrcie_WirH 


DiaMETER c, WHEN THE EDGES ARE SIMPLY SuPPORTED (FROM EQuaTions 64 AND 65, AND TABLE 2). 
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Potsson’s Ratio, 


oe 
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A corresponding, roughly approximate expression for 
the bending moment is obtained by substituting this 
value of 6, in equation 63: 


(66) 
nis ‘ : b 
TABLE 2.—Values of the ratio, 


=. of the effective width to the span, 


Ss 
in the cases represented in Table 1. The values were computed 
from equations 64 and 61, and are represented graphically in 
Figure 7. Poisson’s ratio, 1w=0.15 


c=0 c=0.05s c=0.10s c=0 s c=0.20s c=0.2 
s=6h 0.819 0. 832 0. 870 0. 925 0. 992 1. 066 
s=S8h . 754 .774 . 826 . 898 . 980 1. O6f 
s=10h .710 737 . 804 . 800 _ O80 1.075 
s=12h . 678 .713 . 702 _ SSS 986 1. OSS 
s=14h . 653 . 695 ai -y; 800 994 1. OU5 
s=16h . 633 . 683 . 785 893 1. 000 
s=18h . 616 . 674 . 785 . 897 
s=20h . 602 668 . 78D . 902 


MOMENTS COMPUTED FOR CASE OF TWO WHEEL LOADS ON LINE 
IN DIRECTION OF SPAN 


Figure 8 (a) shows the case of two wheel loads, P; at he 
point 0, 0, and P, at the point z, 0. The effects pro- 
duced by P, at the point of application of P, are 
expressed by equations 59 and 61, and are represented 
in Table 1 and Figure 6. The moments contributed at 
the point of application of P, in Figure 8 (a) by P, may 
be obtained from equation 51. One finds 


TL 
1+ cos 
A 8 1a 
Bo Wx sina 2s’ 
a ~* 
1—cos 
s 


and consequently, 


0.4P, ot oan 


0.3P, 


0.22, 





0.1 P, 





MOMENTS M, OR My AT POINT OF APPLICATION OF P, , PRODUCED BYP 








° Os 02s 03s OAS OSs 
VALUES OF 2 


(2) 
FIGuReE 8. 
AND TABLES 3 AND 4). 


BENDING MomENtTs Propucep at Point oF APPLICATION OF Lerr or Two LOADS (FROM Equations 68 AND 72 
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(1 1 Ps Tw - 
M,=M ,_ log, cot 5 67) 
or, with w=0.15, 
- wx 
M,=M,=0.21072 Pz» logy cot 5 (68 ) 
Ss 


Table 3 and the curve in Figure 8 (a) represent values 
computed from equation 68. 


V M 


TABLE 3 Coe ficients ind ' Of the moments 


: : produced atl 


oe » ie. a , j Pee 
the point O, O by the load P, at the point x, 0, computed from equa 


lion 68, and re preser fed grapl ically i? PF gure S (a). Po sson’'s 
ratio, w=0.165 


\/ VJ VJ VJ 
l I P L 
s ) 0) tH 
y t 0 1024 
« 0 O817 
FIZ 10 02 
4) 


“ When there is a fixed distance a between the two 
loads, the moments under P,; may be increased by 
moving the loads toward the left, into the positions of 
P, and P; in Figure 1. With P,; and P, at the points 

r, O and a~—vr, 0, respectively, and P,—P,—P, the 
moments under /?; may be expressed as follows, by use 
of equations 57, 59, 51, and 60: 


log, cos 


M.=M,,.+ 0+ = 
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(l—p)P = 
M,=M, P (70) 
47 
a r(a—2v) , r(a— 2v) 
Since 1+ cos 2 cos” = » these moments 
Ss «Ss 
reach their maximum values when the product 
; re r(a—2v) : : 
f—cos cos——z » becomes a maximum. By 
Zs : 
site : r(a— 4v) ra ; 
writing ,( cos = COS 5 ), one finds that the 
2s 2s 
me df . mwla—4r) a 
condition, 0, gives sin - 0, or v - That 
dv 2s f 


is, the two 


equal loads are placed as they would be on a 


™ a ‘ 
beam. With e » equation 69 becomes, 


} 
Tee 
) CO me 
M,=Mye+"+# jog, —, 4 71) 


or, with p—0.15, 


AM, M,—Mbor) ra 
p id om a 


a a he co, 79) 
AM, M,-—M 0.21072 log 5 72 
P P 
These values become negative when a >0.5903s. In 


this case the greatest effect is produced by P, 
placed at the center of the span. 

Table 4 and Figure 8 (b) show values computed from 
equation 72. 


alone, 
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TABLE 4.—Valu “ 0 Ny to be added to Moz (given in 
I I Z ’ 
; VW : 
Table 1) or Pp quation ¢ . respectively, to obtain the values 
M. V ; 
of Pp or P- due to the combined action of two loads P placed al 
7 P a r . i 
the points ,U ar ie] ited f rom equation 72, and re p- 
resente d graph icall / } } gu 5 b ; Poisson's ratio, M =0.15 
LM LM AM, AM, 
P ] § P Pp 
0. OF 
02 O524 
Ut 232 4() . 0394 
0 4 ~ 0278 
0 0172 
. OO74 
”) 0 


MOMENTS COMPUTED FOR TWO LOADS ON CENTER LINE 


Figure 9 shows two loads, P,; at the point 0, 0, and 
P; at the point 0, y. The moments produced under 
r by P, are given by equations 59 to 62 and in Table 
1 and Figure 6. To these moments must be added the 
moments 17, and \/, contributed at the point of ap- 
plication of P; by P;. Equation 51, with r=r=0, 


that is, with 
= ry 
| cosh J | 2 cosh” —» 
Me 
ie] | ° oe si 
B= cosh l 2 sinh? 2, 
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BENDING Moments PropuceD at Point OF APPLICATION OF P; By P 
TABLES 5 AND 


7). Potsson's Ratio, up 








FROM EQUATIONS 74, 


0.15 


102, AND 103, AND 
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and with P= P3, gives 
> —— > =. 
M4 a + ‘log. coth ae i av .- (73) 
ate “" 48 sinh =¥ 
or, with n=0.15, 
9195P. - 
Me ‘|=0. 21072P, logy coth ae Sem a ___(74) 


re 
8 sinh y 


- M M ’ 
Coefficients P. and Pp.’ computed from equation 74, 
3 3 


are stated in the first section of Table 5. Equation 74 


is represented graphically wy the curves drawn with full 
lines in the upper part of Figure 9. 


MOMENTS COMPUTED AT CENTER FOR LOAD AT ANY POINT, AND 
ALSO AT ANY POINT FOR LOAD AT CENTER 
Table 


5 and Figures 8 to 14 show moments produced 


at points z, y by a load, P=1, at the center, point 0, 0, 
and moments produced at point 0, 0 by a load, P=1, 
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at points z, y, for Poisson’s ratio, 41=0.15. All of these 
moments are defined by equations 44, 45, 55, 56, with 
v=0. Equations 68 and 74 apply to the special cases 
of y=0 and z=0, respectively. With v=0, the equa- 
tions for the twisting moments (equations 52 and 54, or 
equation 56 when uw ~ 0.15) may be written in the simpler 


forms, 
_ We wy 
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For small values of xz and y, that is, in the immediate 
neighborhood of the point 0, 0, one may write 
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Then equations 75 and 76 may be written 


(l—yw)P xy (l—p)P. ' 
= , = — © — an. ~ ~ 9 72 
M,,=M' sy P+y? g, on 26__(78) 
where @ is the angle between the z-axis and the radius 
vector to the point x, y; or, with 1 =0.15, 


M,,=M’ ,, = — 0.06764 P ae 


= — 0.03382 P sin 20 ___-- (79) 
With z=y, equation 79 gives M,,=M’,, = — 0.03382P. 
With r=2y or y=2z, the same equation gives M,,= 
M’ ,y= —0.02706P. 

Attention is called especially to Figure 14, showing 
contour lines of the surfaces representing the moments. 
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COMPUTATION OF MOMENTS PRODUCED AT POINT OF APPLICA- 
TION OF P; IN FIGURE | BY THE TWO LOADS P; AND Py 
The two loads P; and P, in Figure 1 will be assumed 
to be equal, each equal to P. In order to determine the 
value of v at which the bending moments produced at 
the point —v, 0 by the two loads become as large as 
possible, the following conditions are introduced tem- 
. > . rT’ 
porarily: P=1, s=7z, y-axis at the left edge. Then 
equations 32 and 33 lead to an expression of the follow- 
ing form for the bending moment /, produced at 
point uv, 0 by the load P=1 at the point z, b: 
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M ) ‘, sin nu sin na- (SO) 


1,2.>0% 


where the coefficients C,, are functions of b only. The 

same formula, only with different values of C,, ex- 
° r rn 

presses the corresponding value of M,. The two loads 

P=1 at the points u, b and u+a, b then produce the 

moment, 
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One finds, furthermore, 


n 


dM sald : . 
= nC, (sin 2nu+ sinn(2u+a))____ (82) 
du 
| Oe 
‘ TT a a ‘ 
which becomes zero when u=5 yp or v=]: It is con- 


cluded that 7, or \M/,, respectively, reaches an extreme 


a ; ; : 
value when ¢ 4’ and that this value is a maximum 


when Vin equation 80 is positive for all values of x 
between 0 and +. That is, the rule by which two equal 
loads are placed on a beam so as to produce a maximum 
moment, and which was found to apply to P; and P,, 
applies also to Ps and Py. 

The y-axis is now moved back to the center-line of 
the slab, and the span is assumed to have any value, s. 
The two loads P,; = P and P,= P are placed as shown in 
Figure 15. For these two loads equations 44 and 45 
vive equal values of 1, but different values of B, which 
will be denoted by B,; and B,, respectively. One finds 


I 
A =cosh = + COS = (83) 
rf 
B. cosh = ] 4 S4) 
l 7 
B, cosh as COS = (S85) 
The moments produced by the two loads, P?,—P and 
P,P, then may be expressed as follows, by use of 
equations 51 and 54: 
M,. (1 i w)P a° 
mr 
M,| Sx BB, 
(1 u)Pb r rh ] l 2 en 
Re sinh P= (p t RB, 5) (NO) 
n rd 
(l—p)Pb sI = 
M., “* Be (87) 
with p =0.15, 
i M,, Ae 
1.10! v1 , 
M,|° = 0.10536 P log, BB, 
: 7... rh; | ] 2 
: 0.1062: s + (S88) 
‘ 25 inh AB. B, 3) 
. Tra 
)sin 
| M,,= —0.10625 > B. (89) 
& 
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ible 6 contains values computed from equations 88 
S9 with use of equations 83, 84, and 85. Figure 
shows curves representing equation 88. 

\ comparison of equations 87 and 76 shows that the 


mna 
ate 


4 ’ a 
» \istng moment M,, —— at the point » 0, by 
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«oR + . 3a . 
‘he two loads P at the points 1’ b and 4° b, is equal 
pto the twisting moment M’ = aaah ed at the point 0, 0 
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, a 
'y a single load P at point => 


5’ 5. ©Figures 13 and 


ROADS 


17 


therefore, supply the necessary information about the 
twisting moments produced by P; and P,. 


COMBINED EFFECTS OF FOUR LOADS 


To produce the greatest possible bending moments 
M, and M, at the point of application of P,, the four 
loads, P,, Ps, P3, and Py, each equal to P, are placed 
as shown in Figure 16. The combined effects of P, and 
P, are given in equations 71 and 72 and in Table 4, in 
conjunction with equations 60 and 61 and Table 1. 
The combined effects of P; and P, are defined by equa- 
tions 83 to 89 and are given in Table 6. By adding the 
results, one finds the moments /,, M,, and M,, pro- 
duced at the point of application of P; by the combined 
action of the four loads. From these values one obtains 
the principal moments 17, and MM, that is, the greatest 
bending moment and the smallest bending moment at 
the particular point, and also the angle y between the 
z-axis and the direction of 14,, by the following for- 
mulas, which are analogous to those applying to a plane 
state of stresses: 


M,|_M.+M,, /(M, 
M, 2 \ 4 


wn. es 
tan 2y eg” i 


M,) 


+ M?., (90) 


(91) 


Table 6 contains values, for P 
amounts M,—M,,, M,—™,., M, 
which are to be added to \,, 
and in Table 1) 


, of M,, and of the 
'M.. and M,—.\M,, 
(as given by equation 61 
in order to obtain the moments due to 
the four loads. The curves in Figures 16 and 17show 
the values of \/,—\),, \4.— My, and wy for different 
values of a and b. 

An examination of Figure 17 shows that the following 
formula applies as a crude approximation, giving values 


which are not too small, when 0.3s<a<0.5s, and 
0.38< h<s: 
M,-—M 0.48 
; Q QY) 
- 2a+hb 14 \ 


Using this formula in conjunction with the roughly 
approximate formula, equation 66, one finds 


Ps 0.4Ps 


M, 2.32s+8e 2a+b6 


0.14P (93) 


DETERMINATION OF CHANGES CAUSED BY 
BEAMS IN DIRECTION OF r 


INTRODUCTION OF 


Let the slab, extending indefinitely far in the direc- 
tions of +y and be loaded by a force P at the 
point sz, y, and by a force — P (that is, an upward force 
P) at the point x, 2b,—y, (where 6, >y,). The deflec- 
tions, z, and bending moments, 4, and M,, produced 
by the two loads at the line y= 6, will neutralize each 
other, so that at this line one finds z=Az=0. The 
part of the slab for which y<.),, therefore, behaves as 
if the slab had a simply supported edge at y=6,.  Like- 
wise,'* if one introduces a set of loads + P at the points 
r=2, y=y,t+2nl, and loads —P at the points r=, 
y=2b,—y,+2nl, with n=0, +1, +2,.. ., the part of 
the slab between the lines y=}, and y=6,—/ will act 
as a rectangular slab which has simply supported edges 


8 A. Nadai, Die elastischen Platten, 1925, p. S84 
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FOR CONSTANT VALUES OF M, 
FiGuRE 16. 


Mo,, DETERMINED FROM 
Potsson’s Ratio, p=0.15. 
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Bending moments M, and M, produced at point ’ 


/ 
+ 


TABLE 6. 


: a 3a : 
0 by two leads, P=1, at points -.band —, b, computed from 


4 

equations 83, 84, 85, and 88, and represented graphically in 
Figure 15. Twisting moments M,, produced at the same point 
by the same two loads, or by these loads in conjunction with P, 
and P,, computed from equations 85 and 89. Amounts M, 


Vo,, M,— Moz, Mi— Moz, and M2— Mo, to be added to Mo, to 


a ‘ 
obtain the , O by the combined 
! Y 


moments produced at point 


action of four loads, P 


1, applied as shown in Figure 16, M; 
and My being the 


principal moments at the point. Angle ¥ 


hetween x-axis and direction of M,. The values of M,— Mog,, 
V.— Moz, and ¥ are computed from equations 60, 72, and 83 to 
4/1, and are re presente d graph ically in Figure s 16 and 17. 
Poisson’s ratio, w=0.15 
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4 0 . 03825 01517 OOSU6, o7769 04337 O7835 04403 4 «#13 
4 1.25423 11909 | .01012 . 27146 =. 06868. 27196 |. 06818 | 2 51 
4 2 . 19030 O5674 O1765 20753 00633 20907 OO479 4 5D 
4.12297 00339 .02238 . 14020 04702 . 14284 04966 | 6 43 
6. 08037 01327 01892 09760 06368 .09979 |—. 06587 6 36 
s . 05113 O1LS35 O136S OF S36 06576 O8O74 -~, 06714 5 6 
0 . 03171 01261 . OO917 (4804 302 04969 . 06377 4 39 


s ° ° 
5 and at y=6, and y= 6, —l, and which is loaded 


ihe foree P at the point 2, y:. 
» cases leads to a simple determination of the action 


Saban 


Bal 


® L.__) hh tO eer 


‘ a ind y. 
. \s the first example, consider a slab which has simply 
st s . 
5 and which ex- 
) “WF iends infinitely far in the direction of y. Let this 
slab be loaded by a force P at the point 0,0. The slab 
eXtending infinitely far also in the direction of + y then 


: s 
7. ipported edges at z= + 


5 and at y= 
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r=0, y 


This equivalence of 


>" ‘he rectangular slab by use of the results found for 
s slab extending infinitely far in the directions of x 
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is to be loaded by the additional force —P at the point 
y=2b,—y,=s. Values stated in the first section 
of Table 5, then give at the point 0, 0: 

M, 


M,,—0.0263P 


M,=M),+0.0105P 


v 


As a second example, consider a square slab loaded 


ye s ° 
at the center. With 6,;=;5,/=s, the loads P are intro- 
duced at the points r=0, y=0, £28, 44s,. and the 
loads —P are introduced at the points r=0, y= +s, 

t 38, Then one finds at point 0, 0, by use of 
Table 5 and equation 62: 
M,=M,,+ 2(-— 0.0263 


0.019 —0.0001 .)P 


M,,—0.0490P, 


M,=(M,-—0.0676P) 


0.0001—. . .)P 


2(0.0105 — 0.0013 + 


M,,—0.0490P. 


The equality of the two moments, so determined, is 
noted. They should be equal since the slab is square. 


EFFECTS OF CHANGING FROM SIMPLY SUPPORTED EDGES TO FIXED 
EDGES INVESTIGATED 


A rectangular slab is considered which has simply 
8 l , 
supported edges at r= +5 and y= +>, and is loaded by 


a single force P at the center, point 0, 0. 


By intro- 
ducing the symbols, 


Ww 


where n=1, 


one may show that the following formula expresses the 
deflection of this slab at the point z, y when r=0: 


n 
Pr COS @y)/ ( tan} 
> ati 
2n°N p} n _ 
L235. 


W pt + wpa cosh wut |. (95) 


ae 


\ 
; Jeosh Wnt 
cosh? a, 


w,r tanh a, sinh w,2—sinh 


To verify this formula, one may begin by observing 


er l 
that 2=0 when r=5 (giving w,1=a,) and when y= +>5> 
One finds 

nr 
Oz Fi } soos W»,Y ail 
3 7h : W,t SINN Ww 
Ox 2n’°N n : 
1, 3, 5,°* 


An 


;- sinh w,7—w,7 tanh a, cosh w,r |__- (96) 
cosh? ay 


which becomes zero vy hen x= 0. 
ations one finds 


By further differenti- 


n 
> 
eoee } COS Wn 
aN n 
1,3,5,-° 


| —tanha, cosh w,x7 + sinh wut | (97) 
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-+—- The vertical 


° Ss 
which becomes zero when r=5 or y= +5 


shear in a section parallel to the y-axis becomes, accord- 


ing to equation 17, 
n 
P 
a ) | COS & pl | cosh W yi 
1, 3, 5,-- 


—tanh a, sinh wat | : 


.OAz 


N ar 


V, 
(98) 


When s=0, this series assumes the divergent form, 


n 
> 
V, -* ) ; cos + (99) 
1,3,5,°« 


By comparing this equation with the expression for V’, 
in equation 29, it is seen that equation 99 expresses the 
fact that the boundary condition in the section 2=0, 
resulting from the presence of the concentrated load P 
at point 0, 0 is satisfied. By further differentiations of 
equation 97 one finds A?z=0. Thus, the function z 
in equation 95 satisfies the equation of flexure as well as 
all the conditions of the boundary. 


So. ° ° 
The slope at the edge x= 5 Is of particular interest. 


Equation 96 gives at this line 


n 
Pl » = ®,py a, sinh a, 
27°N n* cosh? a, 
23.5,< 


Consider now the function, 


Oz 


am (100) 
Ox 


n 
PP cos Wnl An tanh An 


WN n> sinh 2a,+2a 
1,3,5,-- 


| « , tanha, coshw 


n 


—w,r sinh wat | 25 ~~ wahtet) 


This function is found to have the following properties: 


l 
At y= +5: 4 = Az,=0 
i ae a 
At r=0: ap 0» V.=—-N ar 70: 
ee , 
At T= 5:21 =(), dr Oy CCduation 100). 
At all points: A’z,=0 


/ 


— 2 
~ 


It follows that the function z +2, represents the 
deflection (for x>0) of a rectangular slab which has 


' : l 

. simply supported edges at y= + 5 and fixed edges at 
4 s P P ° 

: = +5» and which is loaded by the force P at the point 


0, 0. That. is, 2; represents the change of deflection 
caused by fixing the two edges parallel to the y-axis. 


: 
; 
2 


5 
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The corresponding changes of the moments in the 
section «& 
equations 11 and 12: 


0 are then expressed as follows, by use of 


\. 


UM), tanh a, 


is 


tanh a, 


o 2) 


; ; Oz, 
M’.—M,=N | ar Hay 


n 
Ps cos w,y tanh a, 


a) sinh 2 a, +2 


1,3,5, 
x] 
n 
a2 2 w,y tanh a, 
21 sinh 2 a,+4 2a, 


1,3,5, 


2 (102) 


ine 


Ay 


0” 2] 


Oy" 


072, 
¥ Or 


(l—yp)a, 2) (108 


The values stated in Table 7 have been computed 
from equations 102 and 108 with w=0.15 and / 
2.528 =7.854s. The value of lis so large that changing it 
to infinity would make no noticeable difference. The 
results are represented graphically by the curves in the 
lower part of Figure 9. The curves for MM’, and Af’ 
in the upper part of Figure 9 were constructed from the 
curves for \/, and \/, by laying off intercepts equal to 
M’ .--M, and M’,— M,,. 

From the values given in the table for point x 
one finds by use of equation 60: 

(104 


M’ 0.0699P 


0.06764P 


M,; 


0.03863P 0.1063P 


{ 105 


M'oy= Moz M,,; 


These formulas explain the two seales farthest to the 
right in Figure 6. 


TABLE 7. Changes, M’',--M, and M’',—M,, of the 
moments at the center-line of the slab, caused by change fron 
simply supported edges to fixed edges, when the slab is loaded hy | 
the force P=1 at point 0, 0. 
102 and 103, and shown graphically in Figure 9. 
ratio, 40.15 


Poisso 8 


M'.—-M, 


—(), 0248 0. 0059 
OO7TH4 


OO1LGS 


0. 03863 l 
0323 ] 
O1S1 2 
OO4S 


0. O6994 
2 O6B755 
4 0602 
6 O4ASU 


00129 


be nde qd g 


an + abode Dt 


PO a nt RN Nore ee a ee 


ae ee eo 


we © 





tA 


€ o 
a 
x 


Values computed from equations © 


00386 < 


Br) 


SLAB CANTILEVERED FROM A SINGLE FIXED EDGE INVESTIGATED 


we 


The slab shown in Figure 18 has a fixed edge along 


the y-axis, and is assumed to cover one-half of the wy 


plane, the part for which vs is positive. Consider the] 
bending moment 7, produced at the point 0, 0 by a load} 
P=1 at the point x, y. The locus of a point with the] 
three rectangular coordinates x, y, M, is the influence 

surface for M,. It is well known that any influenc 

diagram may be obtained as a deflection diagram by 

introducing the proper discontinuity at the point undery 
investigation. In applying this principle to the presen!) 
case, one is to determine a surface with coordinates 1 
y, 2, 80 that the function 2 satisfies the following condi! 
tions: It is required, first, that the equation of flexure) 


Sipe 


aaa 


VJALtiwinre 


wees! 
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-0.3P 


-0.2P 


VALUES OF MOMENTS MAT FIXED EDGE 





























1 
Fs 
‘ 
4 
2 -0.1P 
3 
3 
7 
| 
. | 
x i) oe = 
-4u -3u -2u -Uu .e) u 2u 3u 4u 
VALUES OF y 
Figure 18.—BENDING MoMmENTs at FiIxep EpGrE oF LARGE SLAB (FROM EQuaTion 110 AND TABLE 8) 
7) \2—0, be satisfied at all points except at the point 0,0, or, in terms of the angle @ from the x-axis to the radius 
) where the funetion has a singularity; secondly, that vector, 
0 at the edge x=0Q, except at the point 0, 0; M, — cos 6 pee. _(109) 
, o@ thirdly, that 2 and Az shall converge toward zero when Ty ult pee ee ee 
/ i P ° . e eres Xx ‘esse ’ ‘ oO ‘ y PES > 
: or y increases indefinitely; and fourthly, that the ta ¥ : hae : < : a yg sh — 
4 ngularity at the point 0, 0 shall represent a proper ® 1° wg : ape r 3 lo “ ar Ms te — o 
ae a ca % ® > or t 1 AaqKCGA , » 
} concentration of slope at the particular point. a a a 
One may think of this concentration of a slope as Pq 
e thinks of the concentration of a force: The distrib- M. = a is (110) 
a d force p= p(y) represents a total load P= fpdy; 14%, 
ig changing the funetion p gradually, but maintaining ’ 
oe to value of the integral, the distributed force may be - ne 
if the integral, the dis | for , Table 8 and Figure 18 show values computed from 
oe onged into the concentrated load. The function ay this equation, 
, i 
eR be concentrated by gradual change in the same Taste 8.—Moments M, at fixed edge in Figure 18 when P=1, 
we ier as the function p. computed from equation 110 
‘ep ae inction z of the following form is found to satisfy 
oe quirements: u M y et 
ne a I 2 u u 
as J > 
- z=. rd (106) 
} ek ee of é 0 0. 3183 2.0 0. 0637 
-_ 3 2920 2 . 0439 
oad a ; 5 2546 3.0 . OB18 
che i /isaconstant. A simple method of determining Ls om il te ber 
eof oustant is by noting that a distributed load, one 
nell er unit of length, on the line x=1, produces a oe ee oS 
by i nt M, l at the edge. That is, It is of some interest to know the bending moment 
‘@ M, produced at point 0, 0 in Figure 18 when the load 
eg ‘@  kdy P is distributed uniformly over a circle with diameter c 
c's I | 14 ye kr, or, k= (107) tangent to the edge at point 0,0. Equation 109 gives 
J o ! : e . 
\- = ®* COS 9 
di . ee: 3 cs? 4Prdr cos? 6 
em in equation 106 is interpreted as equal to the M,= dé aa , 
a ‘moment M, at the point 0, 0, one finds roa. ud 
: or, 
7 3P 
; M,= a Ce 108 M pee Ce i 
‘ n(x? + y*) (108) r is (111) 
_ } 
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REACTION PER UNIT OF LENGTH ATLEF 


4 2s 2s Ae 65 8s 


Figure 19.—Reactions at Lerr EpGe (FROM EQUATION 
115 anp TABLE 9). Porsson’s Ratio, w=0.15 


This moment is three-fourths of the moment produced 
when the load P is concentrated at the center of the 
circle. 

REACTIONS DETERMINED 


Consider the case shown in Figure 19. The y-axis is 
at the left edge. The two edges are simply supported, 
and the slab extends infinitely far in the directions of 
+y and —y. The load P is applied at the point wu, 0. 
From equations 17, 43 to 46, and 52, and by considera- 
tion of the changed position of the y-axis, one finds the 
shear V, and the twisting moment ./,, at the left edge, 


Tru 
sin 
mee a 
Vi=5 ono REY) 
2s ry ru 
cosh — cos 
Ss 
in os 
Ss 
M,,- oH Py (113) 
—— 4s wr) ru ; 


Yy 
cosh ~cos 
N 


According to equation 19 this combination of shears 
and twisting moments is equivalent to the vertical 
reaction, 


TU 


0@M,,_(3—u)P oar ; 


R,=V;+ 


Oy 4s ry ru 
; cosh ~ Cos 
“. w sinh =u 
1-3 — (114) 
3 py 


a) 
cosh — — cos 
XN 

or, with »=0.15, 


in 

we mene 
R,=0.7125— x 
8 Ty TU 
cosh —* — cos 
Ss 


Ty.) m7 
y sinh u 


_ 


0.29825 


7) 
cosh y_ cos 
Ss 


oe (115) 


Table 9 and Figure 19 show values computed from 
equation 115. 
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Figure 20.—Positrions or ReEsULTANTs, Eacn REPRE- 
SENTING Lerr HALF or Rigor HALF OF THE DIAGRAM 
OF REACTIONS, IN CASES SHOWN IN FIGURE 19 (FROM 
EQUATION 116). Portsson’s Ratio, p»=0.15 


“ABLE 9.—Reactions R, produced at the left edge by a load P 
on the x-axis at the distance u from the edge, computed fro» 
equation 115, and represented graphically in Figure 19. Pois 
son’s ratio, u=0.15 


Reaction R, Reaction R, 
y y 
2 x 
u 1, 58 u=58 u 1, u 1, u 2 * 
3 3 2 3 ; 
Fil 
x 
a 
0 1, 2340 0. 7125 0. 4113 0.7 0, 0427 0. 056 0. 0515 og 
ol 1.0612 659 . 3904 8 0211 . 030 . 0290 ai 
2 . 7200 . 530 > , 3354 u . OORS O14 0144 
$ 4336 {RD 2636 1.0 0014 004 . 0054 
i 2503 256 1923 1.07 . 000 “ 
1423 62 1315 3 ~. 001 : 
6 O7U5 US OS4Y { 
=] 
a 
x 


For the purpose of computing bending moments in 
the supporting beams, it is of interest to know the posi- 
tion of the resultant force representing the right half 7 
of each of the symmetrical diagrams in Figure 19. The 7 
distance, yr from the point 0, 0 to this resultant is 
defined by the equation of moments, a 


ve | R dy | Rydy --. (116) a 
J0 0 og 
The integral on the left side of this equation become: 7 


> > P , ; 
: and —, respectivelv. The in- 7 
3° 2" oo is 


tegral on the right side was determined in each of the 7 
three cases by numerical integration. By this met)iot 7 
the three distances yz shown in Figure 20 were obtained ~~ 
One may interpret these results by saying that the 7 
resultant of the whole reaction is resolved in each «ast 
into two sub-resultants, each representing one-hal 0!) 7 
the diagram, and located as shown in Figure 20. A! 
examination of the values given in Figure 20 shows the! 7 
the following formula applies as a rough approximat on 7 


in the three cases 


Ye=0.3-Vus. - _-( 1) 


M 


sin 


Wh 


1 
tp 7 
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Figure 21.—ReEacTIONS PRODUCED By Loap CLOSE TO 

EpGE (FROM EQuaTIONS 119 AND 120, AND TABLE 10) 


In CasE OF SIMPLY 
u—0.15 


SuPPORTED EpGrE, Potsson’s Ratio, 


When the distance u from the edge to the load be- 
comes small in comparison with the span, one may 
simplify equation 114 by substituting, 


ruruesé‘(<“ i i ) ul , 
sin =™, sinh *4 = 7, cosh 4 — cos ~~ = = (y? + u?). 
S S 8 2n° 
Then one finds 
Pr “uf u 
= } i 9 ‘ > & 
R, array pt 21 was yp) (118) 
or, with p=0.15, 
| ee 1.4783 
R,=0.1830— .f 3+ __ (119) 
:. ¥ 
1+ i+ 
u? u 


' When the edge is fixed, one finds, by a procedure similar 
»to that which led to equation 110, 


. a P 0.6366 
| oe mt y?\? (120) 
(1 i?) (1 :' ) 


4 


able 10 and Figure 21 show results computed from 


























in itions 119 and 120. 

sI- ris substituted for uw in equations 118 to 120, these 
lf ations may be interpreted as defining the reaction 
he vodueed at point 0, 0 by a load P at point z,y. In 
Is of polar coordinates, with r=reos 6, y=r sin 8, 





ids then at point 0, 0 at the simply supported 








> cos 6 
P co ( 





R,= + p+ 2(1— p) cos? @) (121) 





2ar 























ROADS 


23 


TABLE 10.—Reactions R, produced at the left edge by a load P=1 
on the x-axis at a small distance u from the edge, computed from 
equations 119 and 120, and represented graphically in Figure 21. 
In case of a simply supported edge, Poisson’s ratio, u=0.15 


Values of R, Values of R, 
y ] = 
u Simply Simply “ 
supported phe ct supported — 
edge as edge as 
0 0. 4535 0. 6366 2.0 0. 0474 0. 0255 
3 3956 5358 2.5 0304 . 0121 
5 . 3195 4074 4.0 . 0210 . 0064 
7 2867 3. 7 . 0154 . 0036 
1.0 1591 1592 10 . 0117 . 0022 
1.5 OR19 . 0603 


and at point 0, 0 of the fixed edge 


9) pp 
21 cos” 6 


7? 


(122) 


One may use these formulas to determine the reaction 
per unit of length produced at point 0, 0 when the load 
P is distributed uniformly over the area of a small 
circle with diameter c, tangent to the edge at point 0, 0. 
By integrating over the area in the same manner as in 
deriving equation 111, one finds at point 0, 0 of the 
simply supported edge 


5 P : 
- (123) 
- Tre 
and at point 0, 0 of the fixed edge 
3P 


TC 


(124) 


: 
It is noted that is the value that would be obtained 
TC 


if the force were distributed uniformly over the length 
of the circumference of the circle. At the fixed edge 
the twisting moments are zero, and R, is the same as 
the shear V,. At the simply supported edge, on the 
other hand, the presence of the twisting moments 
cause R, in equation 123 to be larger than the shear 
V, at the same point. One finds at point 0, 0 


V, a (125) 


TC 


That is, the shear V,, at point 0, 0 is twice the value that 
would be found by distributing the load uniformly over 
the circumference of the circle. 
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